
Physics 110 Fall 2020

9/11 In Class – More Electric Fields from Continuous Charge Distributions

The electric field

For one point charge, q, the electric field is

~E = k
q

r 2
r̂

where ~r is the vector from the source charge q to the point at which you
want to find the field.

If you have n source charges, you add the electric fields (as vectors!) due
to each point charge.

~E = ~E1 + ~E2 + · · ·+ ~En

For continuous charge distributions, you can pretend to add up (integrate)
the electric fields due to infinitesimally small pieces of the charge–each of
those acting like a source point charge.

d~E = k
dq

r 2
r̂

and

~E =
∫
d~E

I left problems 1 and 2 even though most groups had finished. All groups
were working on problem 3 last time. I have made comments in yellow post-it
notes on your Jamboards. Please continue on the same Jamboards.

(I have added one new problem today.)

1. If you haven’t already done this one, start with Griffiths 2.5 (copied
here).

2.1 The Electric Field 65

For points far from the line (z ! L),

E "= 1
4!"0

2#L
z2

.

This makes sense: From far away the line looks like a point charge q = 2#L . In
the limit L # $, on the other hand, we obtain the field of an infinite straight
wire:

E = 1
4!"0

2#

z
. (2.9)

Problem 2.3 Find the electric field a distance z above one end of a straight line
segment of length L (Fig. 2.7) that carries a uniform line charge #. Check that your
formula is consistent with what you would expect for the case z ! L .
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Problem 2.4 Find the electric field a distance z above the center of a square loop
(side a) carrying uniform line charge # (Fig. 2.8). [Hint: Use the result of Ex. 2.2.]

Problem 2.5 Find the electric field a distance z above the center of a circular loop
of radius r (Fig. 2.9) that carries a uniform line charge #.

Problem 2.6 Find the electric field a distance z above the center of a flat circular
disk of radius R (Fig. 2.10) that carries a uniform surface charge $ . What does your
formula give in the limit R # $? Also check the case z ! R.

Problem 2.7 Find the electric field a distance z from the center of a spherical surface!
of radius R (Fig. 2.11) that carries a uniform charge density $ . Treat the case z < R
(inside) as well as z > R (outside). Express your answers in terms of the total charge
q on the sphere. [Hint: Use the law of cosines to write r in terms of R and % . Be
sure to take the positive square root:

%
R2 + z2 & 2Rz = (R & z) if R > z, but it’s

(z & R) if R < z.]

Problem 2.8 Use your result in Prob. 2.7 to find the field inside and outside a solid
sphere of radius R that carries a uniform volume charge density &. Express your
answers in terms of the total charge of the sphere, q . Draw a graph of |E| as a
function of the distance from the center.

2.1 The Electric Field 65

For points far from the line (z ! L),

E "= 1
4!"0

2#L
z2

.

This makes sense: From far away the line looks like a point charge q = 2#L . In
the limit L # $, on the other hand, we obtain the field of an infinite straight
wire:

E = 1
4!"0

2#

z
. (2.9)

Problem 2.3 Find the electric field a distance z above one end of a straight line
segment of length L (Fig. 2.7) that carries a uniform line charge #. Check that your
formula is consistent with what you would expect for the case z ! L .

P

z

L

FIGURE 2.7

P

z

a

FIGURE 2.8

P

z

r

FIGURE 2.9

Problem 2.4 Find the electric field a distance z above the center of a square loop
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Problem 2.8 Use your result in Prob. 2.7 to find the field inside and outside a solid
sphere of radius R that carries a uniform volume charge density &. Express your
answers in terms of the total charge of the sphere, q . Draw a graph of |E| as a
function of the distance from the center.

(Save your answer!)



2. Instead of a full ring of charge, imagine only the 1/4 of the ring in the
third quadrant has charge. The charge density is λ. The full ring would
have radius R and would be centered at the origin. Find the electric
field at the origin.

3. Using your answer to the first problem on this sheet (= Griffiths 2.5),
find the electric field above the center of a disk of charge. Instead of
the usual dq as a curvilinear square, think of dq now as a ring with
thickness dr. Sketch this! This is Griffiths problem 2.6. Do the rest of
his problem as well (shown here).

66 Chapter 2 Electrostatics
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2.2 DIVERGENCE AND CURL OF ELECTROSTATIC FIELDS

2.2.1 Field Lines, Flux, and Gauss’s Law

In principle, we are done with the subject of electrostatics. Equation 2.8 tells us
how to compute the field of a charge distribution, and Eq. 2.3 tells us what the
force on a charge Q placed in this field will be. Unfortunately, as you may have
discovered in working Prob. 2.7, the integrals involved in computing E can be
formidable, even for reasonably simple charge distributions. Much of the rest of
electrostatics is devoted to assembling a bag of tools and tricks for avoiding these
integrals. It all begins with the divergence and curl of E. I shall calculate the
divergence of E directly from Eq. 2.8, in Sect. 2.2.2, but first I want to show you
a more qualitative, and perhaps more illuminating, intuitive approach.

Let’s begin with the simplest possible case: a single point charge q, situated at
the origin:

E(r) = 1
4!"0

q
r2

r̂. (2.10)

To get a “feel” for this field, I might sketch a few representative vectors, as in
Fig. 2.12a. Because the field falls off like 1/r2, the vectors get shorter as you go
farther away from the origin; they always point radially outward. But there is a
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Problem 2.8 Use your result in Prob. 2.7 to find the field inside and outside a solid
sphere of radius R that carries a uniform volume charge density &. Express your
answers in terms of the total charge of the sphere, q . Draw a graph of |E| as a
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4. Gauss’s Law: Recall that the (electric) flux ΦE, is given by

ΦE =
∫
~E · d~a

Evaluate the total flux for a point charge. Use a sphere as your surface,
and imagine the point charge at the center of the sphere.

If you substitute k = 1
4πε0

and let q → qenc, you might recognize Gauss’s
Law. (If you don’t remember Gauss’s Law, look it up to check your
answer.)
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5. Use Gauss’s Law to find the electric field a distance r away from a(n
infinitely) long line of charge. The line has uniform charge density λ.
Hint: recall that you need a Gaussian Surface that is symmatric around
the charge distribution (or else Gauss’s Law is not helpful and you have
to integrate the hard way.)

6. In class we found the electric field a distance h above the center of a
line of charge of length d to be

~E =
kλd

h
√
h2 + (d/2)2

ẑ

Take the limit of this, and see if you get the same answer has the
previous problem. (What limit makes it like the previous problem?)

New Problem here

7. Find the divergences of r2r̂ and r̂/r2. Please do Griffiths 1.39, copied
here:

42 Chapter 1 Vector Analysis

has the extra advantage of treating all coordinate systems at once. I described the
“straightforward” method only to show you that there is nothing subtle or mys-
terious about transforming to spherical coordinates: you’re expressing the same
quantity (gradient, divergence, or whatever) in different notation, that’s all.

Here, then, are the vector derivatives in spherical coordinates:

Gradient:

!T = !T
!r

r̂ + 1
r

!T
!"

!̂ + 1
r sin "

!T
!#

"̂. (1.70)

Divergence:

! · v = 1
r2

!

!r
(r2vr ) + 1

r sin "

!

!"
(sin "v" ) + 1

r sin "

!v#

!#
. (1.71)

Curl:

! ! v = 1
r sin "

!
!

!"
(sin "v#) " !v"

!#

"
r̂ + 1

r

!
1

sin "

!vr

!#
" !

!r
(rv#)

"
!̂

+ 1
r

!
!

!r
(rv" ) " !vr

!"

"
"̂. (1.72)

Laplacian:

#2T = 1
r2

!

!r

#
r2 !T

!r

$
+ 1

r2 sin "

!

!"

#
sin "

!T
!"

$
+ 1

r2 sin2 "

!2T
!#2

. (1.73)

For reference, these formulas are listed inside the front cover.

Problem 1.37 Find formulas for r, ",# in terms of x, y, z (the inverse, in other
words, of Eq. 1.62).

Problem 1.38 Express the unit vectors r̂, !̂ , "̂ in terms of x̂, ŷ, ẑ (that is, derive•
Eq. 1.64). Check your answers several ways (r̂ · r̂ ?= 1, !̂ · "̂

?= 0, r̂ ! !̂
?= "̂, . . .).

Also work out the inverse formulas, giving x̂, ŷ, ẑ in terms of r̂, !̂ , "̂ (and ", #).

Problem 1.39•

(a) Check the divergence theorem for the function v1 = r 2r̂, using as your volume
the sphere of radius R, centered at the origin.

(b) Do the same for v2 = (1/r 2)r̂. (If the answer surprises you, look back at
Prob. 1.16.)

Problem 1.40 Compute the divergence of the function

v = (r cos ") r̂ + (r sin ") !̂ + (r sin " cos #) "̂.

Check the divergence theorem for this function, using as your volume the inverted
hemispherical bowl of radius R, resting on the xy plane and centered at the origin
(Fig. 1.40).
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